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Inflation predicts a stochastic background of gravitational waves over a broad range of frequencies,
from those accessible with cosmic microwave background (CMB) measurements, to those accessible
directly with gravitational-wave detectors, like NASA’s Big-Bang Observer (BBO), currently under study.
In a previous paper [Phys. Rev. D 73, 023504 (2006)] we connected CMB constraints to the amplitude and
tensor spectral tilt of the inflationary gravitational-wave background (IGWB) at BBO frequencies for four
classes of models of inflation by directly solving the inflationary equations of motion. Here we extend that
analysis by including results obtained in the Wilkinson Microwave Anisotropy Probe third-year data
release as well as by considering two additional classes of inflationary models. As often noted in the
literature, the recent indication that the primordial density power spectrum has a red spectral index implies
(with some caveats) that the amplitude of the IGWB may be large enough to be observable in the CMB
polarization. Here we also explore the implications for the direct detection of the IGWB.
DOI: 10.1103/PhysRevD.78.083525 PACS numbers: 98.80.Bp, 04.30.Db, 04.80.Nn, 98.80.Cq
I. INTRODTUCTION
With the advent of precise cosmic microwave back-
ground (CMB) measurements [1–9], inflationary cosmol-
ogy has now become an empirical science. The inflationary
paradigm was proposed nearly three decades ago in order
to address several theoretical deficiencies with the standard
cosmological scenario [10–12]. The concordance of the
cosmological measurements with the inflationary expecta-
tions of a flat universe and a nearly scale-invariant spec-
trum of primordial density perturbations [13–16] is at least
suggestive and warrants further tests of inflation. One of
the most unique and exciting predictions of inflation yet to
be tested is the existence of a stochastic gravitational-wave
background with a nearly scale-invariant spectrum [17–
23]. Detection of the CMB B-mode polarization pattern
induced by inflationary gravitational waves of wavelengths
comparable to the horizon has become a goal of next-
generation CMB experiments [24–28].
In a previous paper [29] we surveyed four classes of
inflationary models to investigate how CMB constraints to
the inflationary cosmology translates into allowed regions
in the plane spanned by the inflationary gravitational-wave
background (IGWB) amplitude and tilt at frequencies that
correspond to direct detection satellite experiments. We
concentrated on determining whether the IGWB would be
observable in future space-based gravitational-wave ob-
servatories such as NASA’s Big-Bang Observer (BBO)
[30], currently under study [31,32].
Recent results from the Wilkinson Microwave
Anisotropy Probe (WMAP) team [33] (published after
our initial paper) indicate that the slope of the scalar
perturbations, ns, is different from scale invariant with a
best fit value at ns  0:95 (for a zero tensor contribution).
Although some groups have challenged the exact statistical
significance of this result (see, e.g., Refs. [34,35]) the
conclusion that ns < 1, if upheld by future observations,
may have important implications for the IGWB. In par-
ticular, as argued in Refs. [36,37], the confirmation of a
spectral index less than one may indicate (with caveats that
we explore below) that the effects of the IGWB on the
CMB polarization pattern will be large enough to be de-
tectable with future missions [38,39]. In this paper we
discuss how the curvature of the inflaton potential deter-
mines, to a large extent, whether the indication that ns < 1
implies a large IGWB amplitude. The same reasoning
applies to the chances of directly observing the relic
IGWB today with future space-based gravitational-wave
observatories.
In order to assess how the most recent data impacts our
future ability to directly observe the IGWB we have rean-
alyzed how the most recent CMB constraints translate into
predictions for the IGWB at direct detection scales for the
original four classes of single-field inflationary models
analyzed in Ref. [29] as well as for two new classes of
models. The range of models analyzed in this paper allows
us to understand the general implications for the detection
of the IGWB when the primordial density slope is signifi-
cantly different from unity.
This paper is organized as follows. In Sec. II we present
an abbreviated summary of the method used in Ref. [29] to
connect CMB constraints to the inflationary parameters
with the parameters probed by gravitational-wave observ-
atories. We refer the reader to that reference for details. In
Sec. III, we review the arguments that show that a scale-
dependent density-perturbation spectrum implies a large
value for the amplitude of the IGWB. In Sec. IV we present
our results for the six classes of models of inflation con-
sidered in this paper. In Sec. V, we summarize and make
some concluding remarks. Throughout this paper we shall
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make use of quantities that are defined in Ref. [29]. We
refer the reader to that paper for their definitions and
further discussion.
II. RANGE OF INFLATIONARY PARAMETERS
For the models that we consider we allow the number,N,
of e-folds of inflation after the current horizon exited the
horizon during inflation to range between 47  N  62.
This corresponds to allowing the reheat temperature to
range between 1016 GeV and 1 MeV. We note that the
frequencies accessible to space-based gravitational-wave
observatories probe epochs ( 0:1–1 Hz) which exited the
inflationary horizon about 35 e-folds after the current
horizon. We furthermore fix the amplitude of the primor-
dial power spectrum to be Psðk0Þ ¼ 2:45 109 [40] and
require the running of the scalar spectral index to be jsj &
0:044 at a pivot wave number k0 ¼ 0:05 Mpc1 [41]. Any
error in a measurement of the amplitude of the primordial
power spectrum will cause a slight additional broadening
beyond that due to the allowed range in N.
We note here that the gravitational-wave transfer func-
tion given in Eq. (26) in Ref. [29] is wrong by a factor of
1=4. The transfer function can be written as [19,42]
gwh
2 ¼ 16
9
rh
2 gðTkÞ
gðT0Þ

gSðT0Þ
gSðTkÞ

4=3 V
m4pl
; (1)
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2
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8
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V is the inflaton potential, H0 is the Hubble parameter
today, T0 ¼ 2:73 K [43] is the photon temperature today,
gS counts the entropic number of relativistic degrees of
freedom, g counts the number of relativistic degrees of
freedom, and mpl ¼ 1:2 1019 GeV is the Planck mass.
We have supposed that the Universe was radiation domi-
nated when length scales corresponding to the direct de-
tection of the IGWB reentered the horizon
(Tk  107 GeV). We note that if N & 55 (i.e., when the
reheat temperature is & 107 GeV) then this assumption
may break down and the form of the transfer function
may change [44]. In this case our results must be multiplied
by a correction which depends on the exact dynamics
during reheating. Photons plus three species of massless
neutrinos [gSðT0Þ ¼ 3:91 and gðT0Þ ¼ 3:36] give
gwh
2 ¼ Agw V
m4pl
; (4)
where Agw ¼ 3 105g1=3100 and g100  gðTkÞ=100.
III. THE CONNECTION BETWEEN ns < 1AND THE
IGWB AMPLITUDE
Many authors [36,37] have noted that when ns  1 then
the amplitude of the IGWB is, generically, significant. The
argument for this conclusion is made by looking at the
expression for ns in terms of the slow-roll parameters  and
,
1 ns ¼ 6 2; (5)
and the tensor-to-scalar ratio
r  At
As
¼ 16: (6)
The slow-roll parameters are given in terms of the inflaton
potential by
  m
2
pl
16

V 0
V

2
; (7)
  m
2
pl
8
V 00
V
: (8)
In order to infer a value for r given the indication that
1 ns  0:051 one has to suppose some ‘‘natural’’ rela-
tionship between  and . Many authors have supposed
that  *  so that ‘‘at worst’’ we have OðÞ  OðÞ. We
can then conclude that 1 ns  0:05 implies that r 
Oð0:1Þ. Such a value for the tensor-to-scalar ratio is easily
accessible to future CMB experiments as well as to space-
based gravitational-wave observatories. However, as we
shall now show, there is are caveats when making the above
argument.
Taylor expanding the potential in terms of these slow-
roll parameters evaluated at some value of the inflaton
field, , we obtain [45]
VðÞ  m
2
plH
2
8

ð3 Þ þ 12 ﬃﬃﬃﬃﬃﬃﬃﬃp mpl
þ 2½3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
=
q
þ 6ð  Þ


mpl

2

; (9)
where   . If we suppose that  	 jj then
we can see that the potential is well approximated by a
quadratic function with the coefficient ð3=2ÞH2m2pl.
Looking at Eq. (5) the fact that 1 ns > 0 implies  <
0 in this case—i.e., the curvature of the potential must be
negative.
1When making this argument we ignore the fact that current
analyses indicating ns < 1 fix r ¼ 0. The full analysis presented
in this paper does not fix r.
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For the case where < 0 at some point, in order for
inflation to lead to oscillations in  resulting in the reheat-
ing of the universe,  must change sign so that the field
evolves into a minimum of the potential. In Ref. [36] the
fact that  must change sign was used to indicate fine
tuning. However, as Ref. [36] points out, there are several
scalar-field potentials that have this property as a result of
particular symmetries (such as the Higgs potential) so that,
in some sense, their ‘‘fine tuning’’ is justified. As we shall
see, it is exactly these potentials that allow for ns < 1 and
r	 1 ns.
IV. CMB CONSTRAINTS AND DIRECT
DETECTION AMPLITUDES
In this section we present the results of our analysis. We
divide our presentation into two parts. First we discuss
potentials for which ns < 1 and r	 1 ns. These poten-
tials all share the property that inflation starts at a flat
section of the potential and then rolls over a negatively
curved region to a global minimum. The second set of
potentials share the property that the inflaton field starts
on a positively curved region of the potential and inflation
ends as the field enters a global minimum or as a second
field becomes dynamically important. We present the func-
tional forms of the various potentials considered here in
Table I.
In our analysis we use the CMB constraints derived from
considering the WMAP third-year data release (WMAP3,
Ref. [33])2 and those derived by considering a suite of
CMB observations (including WMAP3) as well as mea-
surements of the linear matter power-spectrum coming
from the Sloan Digital Sky Survey (SDSS) and the
Lyman-alpha forest, measurements of the baryon acoustic
peak from SDSS, and measurements of supernovae lumi-
nosity distances (WMAP3þ , Ref. [41]). We note that the
analysis in Ref. [33] fixes the pivot wave number at k0 ¼
0:002 Mpc1 whereas the analysis in Ref. [41] uses k0 ¼
0:05 Mpc1. As pointed out in Ref. [48], the overall con-
straints do not depend on the choice of k0, but the value of
k0 may change the shape of contours for marginalized
constraints (such as contours in the ns  r plane). The
marginalized CMB constraints used in this paper fix the
running of the scalar spectral index to zero and therefore,
according to the analysis in Ref. [48], are only slightly
affected by the choice of pivot wave number.
A. Potentials with ns < 1 and r	 1 ns
As one can infer from the expansion of the inflaton
potential given in Eq. (9) those potentials for which at
some field value 	 jj and < 0 can be approximated
by VðÞ  V0ð1 V21 ½=mpl2Þ. The early evolution of
the inflaton field in these models can be described as roll-
ing off of a ‘‘cliff’’: inflation starts at the nearly flat region
near the origin and then rolls down the negative slope (i.e.,
< 0). Potentials of this form were also investigated in
Refs. [49,50]. Inflation ends as the field reaches a global
minimum at some field value . If scales corresponding to
the current horizon exited during the initial descent down
this slope these models generically predict ns < 1 and r	
ns  1.
We analyzed three classes of models that possess this
behavior: the Higgs, Coleman-Weinberg [11,16,51–53],
and pseudo Nambu-Goldstone boson (PNGB) potentials
[54–57]. Each of these potentials is characterized by an
amplitude and a field value at which the potential is mini-
mized. As discussed in Ref. [29] the end of inflation is fixed
by the requirement ðendÞ ¼ 1 and the amplitude of the
potential is determined by the requirement that the density
perturbations have an amplitude 105. Therefore, for
each potential we are free to vary the number of e-folds
of inflation after the current horizon exited the horizon
during inflation as well as the field value at which the
potential is minimized. This two-dimensional freedom
can be translated into a region in the plane spanned by
ðr; nsÞ for the CMB and ðnt;gwh2Þ for gravitational-wave
observatories.
For these models, the constraints obtained with
WMAP3þ are more stringent than those derived from
just analyzing WMAP3 data. This is a result of the fact
that the WMAP3þ constraints include an analysis of the
matter power spectrum on small length scales derived from
observations of the Lyman-alpha forest. This allows for a
better constraint to the lower bound of ns while at the same
time the analysis improves the bound on r by removing
some of the degeneracy between r and ns found in a CMB-
only analysis. As we can see from Figs. 1–3, a lower bound
to the IGWB produced by this class of models will improve
as we improve the lower limit to the scalar spectral index.
One qualitative difference between these three classes of
potentials is clear when comparing Higgs and PNGB in-
flation to Coleman-Weinberg inflation. Both Higgs and
PNGB inflation trace out similar regions in the ns  r
plane where dr=dns  1. In contrast to this behavior,
Coleman-Weinberg inflation traces out a region with a
fairly large slope, with r decreasing rapidly around ns 
TABLE I. Potentials considered in this paper.
Potential name VðÞ
Higgs: V0ð1 ½=2Þ2
Coleman-Weinberg: V0fðÞ4ðlog½  14Þ þ 14g
PNGB: V0½1 cosð=Þ
Chaotic: V0ð mplÞp
Power-law: V0e
p=mpl
Hybrid: V0½1þ ðÞ2
2We do not consider the specific effect of the most recent 5-
year WMAP data [46,47] since our analysis and conclusions are
stated without reference to any specific data sets.
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0:94. This is a result of the fact that the Coleman-Weinberg
potential remains particularly flat for a larger range in field
values around the origin as compared to the Higgs or
PNGB potentials.
B. Potentials with r j1 nsj
We now consider the results for three potentials (chaotic,
hybrid, and power-law inflation) which respect the relation
r j1 nsj. These models are characterized by the prop-
erty that the current horizon exited the horizon during
inflation when the inflaton field sat at a point of the
potential with positive curvature (i.e., > 0).
Unlike the models considered in the last subsection, the
free parameter in these models does not control the value of
the field when inflation ends. In particular, both power-law
inflation and hybrid inflation are thought to end through
some mechanism other than the evolution of the inflaton
field. Therefore, for these models we take the value of the
inflaton field corresponding to CMB observations (CMB)
as a free parameter (instead, as in the last section,
the number, N, of e-folds of inflation after this point). In
the case of hybrid inflation, we require that inflation end
before the field reaches  ¼ 0 and we only consider
CMB=  1—for values greater than unity the dynamics
is closely related to chaotic inflation with p ¼ 2 [58].
A slight exception to this is chaotic inflation in which
inflation ends when the inflaton field attains the value  ¼
pmpl=ð4
ﬃﬃﬃﬃ

p Þ where p is the index of the monomial poten-
tial, V / p (see Table I). However, in order for inflation to
end and for oscillations in the inflaton field to begin, p
must be even. By considering models for which p is not
even we are implicitly supposing that the form of the
potential changes between the field values corresponding
to CMB and gravitational-wave observatory observations
and the end of inflation. In order to take this into account
we allowed the field value corresponding to CMB obser-
vations,CMB, to be a free parameter, only requiring that it
be at least 35 e-folds before the field reached the value ¼
pmpl=ð4
ﬃﬃﬃﬃ

p Þ. If we allowed for a value for CMB to be
lower then this, then the form of the potential must change
between field values corresponding to CMB observations
and the direct observation of the IGWB. Such a situation
was explored in Ref. [29] in the form of a broken scale-
invariant potential.
FIG. 1 (color online). Results for the Higgs potential. The upper left panel shows the CMB constraints (68% and 95% contours)
imposed by just considering the WMAP third-year data [33]; the lower left panel shows the CMB constraints (68% and 95% contours)
imposed by considering a suite of data including measurements of galaxy clustering and Lyman-alpha forest constraints as described in
Ref. [41]. The dashed lines on the left-hand panels indicate r ¼ 0:01, roughly the limit for CMBPol [60]. The panels on the right show
the corresponding predictions for the IGWB given the CMB constraints. The dashed lines on the right-hand panels indicate the
sensitivity of the second generation BBO interferometer known as ‘‘BBO correlated’’ [31,32]. The solid black lines indicate directions
of constant number of e-folds of inflation and the dotted black lines indicate directions of constant minimum field value, .
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FIG. 2 (color online). Same as Fig. 1 but for the Coleman-Weinberg potential.
FIG. 3 (color online). Same as Fig. 1 but for the PNGB potential.
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As in the previous section, the normalization of each
potential is set by the requirement that it produce the
appropriate amplitude for scalar perturbations when eval-
uated at the field value, CMB, corresponding to CMB
observations.
Besides the freedom to set CMB, with the restrictions
discussed before, each model has one free parameter which
we also vary (see Table I). The model parameter plane can
then be mapped on to the CMB plane ðns; rÞ. Constraints
derived from CMB observations are then translated to the
plane spanned by ðnt;gwh2Þ by following the dynamics of
the inflaton.
As we can see from Figs. 4–6 these models of inflation
are all consistent with a region in the ðns; rÞ plane that has a
negative slope which reaches r ¼ 0 when ns ¼ 1. It is for
this reason that the upper limit to ns is crucial when
attempting to place a lower limit to the amplitude of the
IGWB for these models. Therefore, as we can see in the
figures, the WMAP3 constraints are not as restrictive as
one might have thought since the degeneracy between r
and ns in the CMB allows for a larger value for r compen-
sated by a larger value of ns. As commented in the previous
section, the WMAP3þ constraints remove much of this
degeneracy so that the constraint contour is more vertical
in the ðns; rÞ plane and hence much more restrictive for
these models.
V. CONCLUSIONS
Recent measurements of the scalar spectral index indi-
cate that it may be less than unity. This fact has caused a
great deal of excitement given that it is believed that having
ns < 1 implies a significant amplitude for the gravitational-
wave background produced by inflation. In this paper we
have investigated this claim by analyzing predictions de-
rived from six classes of models of inflation. We have also
extended the analysis to include not only the amplitude of
the IGWB accessible to observations of the polarization of
the CMB but also the IGWB accessible to direct
observation.
Our results can be divided into two different classes of
inflationary potentials. These classes are characterized by
the curvature of the potential evaluated at the field value
corresponding to CMB observations. The curvature of the
potential at a given field value is related to the sign of the
slow-roll parameter . Models that have < 0 (the infla-
ton is ‘‘falling off of a cliff’’) have decreasing r as ns
FIG. 4 (color online). Same as Fig. 1 but for the chaotic potential. As commented in the text, only those models for which the index p
is a positive even integer allow for a proper end to inflation. For other choices of p the form of the inflaton potential must change before
inflation ends. As a result, we allow for the field value CMB to be a free parameter, as discussed in the text. In order to indicate the
predictions for those models in this class that reach a proper end of inflation (i.e., where p is a positive even integer), the solid black
lines correspond to between 62 and 47 e-folds of inflation and the dotted lines indicate constant values for the index of the potential. As
is commented in Ref. [33] a massive scalar field (p ¼ 2) is a good fit to the data whereas a quartic potential lies outside of the 2	
confidence region using just WMAP3 data. This disagreement is worsened when using the WMAP3þ constraints.
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FIG. 6 (color online). Similar to Fig. 1 but for power-law inflation. The stars indicate values for the power-law index, p. For a fixed
scalar amplitude, Ps, this model occupies only a line in the ns  r plane because both  and  are functions only of the index p and not
of the field value.
FIG. 5 (color online). Similar to Fig. 1 but for the hybrid potential. Unlike Fig. 1 the solid black lines follow curves of constant
yCMB  CMB=. See the text for further discussion.
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deviates further from unity. Models that have > 0 (the
inflaton is ‘‘rolling down a bowl’’) have increasing r as ns
deviates further from unity. This classification is directly
related to the classification scheme presented in Ref. [59]
in which inflationary models are said to be ‘‘large field,’’
‘‘small field,’’ or ‘‘hybrid.’’ In their classification scheme
the sign of  as well as its relation to  is used to divide
inflationary models. However, in this paper we have em-
phasized how just the sign of  indicates how various
constraints to ns affect the model’s prediction for the
IGWB.
In attempting to set a lower limit to the expected IGWB
accessible to direct observation these two different classes
of models split up accordingly: with < 0 an increase in
the lower limit to the amplitude of the IGWB is obtained
with an improvement in the lower limit to ns; with > 0
an increase in the lower limit benefits from an improve-
ment in the upper limit to ns.
In terms of the possibility of observing the IGWB di-
rectly, quoted sensitivities for a second generation BBO
mission for a year long integration sets the lower limit to a
detectable IGWB atgwh
2 * 1017. As can be seen in the
figures, current constraints to ns for the six inflationary
models considered here imply that a large region in pa-
rameter space for all six models will produce IGWB am-
plitudes within reach of BBO.3 However, except for Higgs
and PNGB inflation, there are regions of parameter space
for which the IGWB amplitude can be arbitrarily small. As
the errors on ns shrink on both sides then, depending on the
central value for ns, each of the six models analyzed here
may eventually predict a minimum IGWB amplitude. In
particular, the Planck satellite is expected to attain 0.5% in
a determination of ns at a fiducial value ns ¼ 0:957 [39].
This would then translate into a lower bound, r * 0:0045,
for Coleman-Weinberg inflation which translates into
gwh
2 * 5:2 1018 for direct observation.
Finally, we note that our conclusions emphasize the
qualitative differences between the behaviors of inflation
models in the ðns; rÞ plane and do not rely on any specific
data set. Therefore, in light of the 5-year WMAP data
release [46,47], our conclusions are unchanged.
Barring a detection of the IGWB in the CMB our dis-
cussion shows that even an upper limit to r and a precise
measurement of ns tells us useful information on the
curvature of the inflaton potential. From the Eqs. (5) and
(6) we can write
r ¼ 83ð1 ns þ 2Þ: (10)
In Fig. 7 we show curves in the ð; rÞ plane for 0:94 
ns  0:96. From that figure, we can see that for ns in this
range an upper limit of r & 0:1 implies that the potential
has a negative curvature (this trend can also be seen in
Fig. 9 in Ref. [45]). This conclusion would have important
implications for inflationary model building.
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FIG. 7. An upper limit to r along with a measurement of ns
will tell us information on the curvature of the inflaton potential.
If we find that r & 0:1 and 0:94 & ns & 0:96 then we may
conclude, within the context of single-field slow-roll inflation,
that < 0 which implies V 00 < 0. Although qualitative, this
conclusion would have far reaching implications for inflationary
model building.
3As emphasized in the text, this conclusion makes the assump-
tion that the form of the inflaton potential is known between
CMB and direct detection scales.
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